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Gravitational waves reaching a Michelson interferometer are expected to induce a very small 
change in the length of its arms causing a phase shift between them, but it is very difficult to 
observe the extremely small phase shift signals produced. In the present letter we show that the 
gravitational waves signal could be amplified by orders of magnitude by using very special conditions 
for a coherent-squeezed Michelson interferometer in which the coherent state enters one port of the 
interferometer and the squeezed vacuum enters in the other port. We treat the case where without 
the gravitational induced phase shift the very strong coherent state goes out of one output port 
while the squeezed vacuum goes out the other output port (the "dark" port). While the phase 
shift produced by the gravitation waves does not give any significant change in the strong coherent 
output, the light intensity in the "dark" port is amplified with decreased fluctuations as the squeezing 
increases. 



o 
o 



^ ' A lot of attention has been given in past years to the task of finding an experimental method, using interferometry, 
, for observing gravitational waves Since the effect of terrestrial gravitational waves on the interferometers' arms 
' length is expected to be extremely small @], gravitational wave detection so far have not been observed. In the 
04 _ standard use of the Michelson interferometer a coherent state of light enters one port of the interferometer and a 
■ vacuum state of light enters the other port, which leads to additional quantum fluctuations in the photon statistics 

Q ' of the output. 

Caves, in his pioneering paper 0,0], was the first to analyze the properties of Michelson interferometer in which a 
squeezed vacuum state replaced the vacuum state entering the interferometer (the coherent-squeezed interferometer) 
bJO, and showed the advantage of using such a scheme. Other authors @, 0| have shown various properties of coherent- 
squeezed interferometers. The amplification of the signal by the interferometer, usually leads to an amplification of 
the noise as well, but this conclusion has been shown to be inaccurate for phase sensitivity amplification |§, ^ . In the 
^ ■ present letter we show that under certain conditions the use of a coherent-squeezed Michelson interferometer leads to 
00 an amplification of the gravitational wave signal by orders of magnitude and at the same time leads to subpoisson 
• photon statistics. 

Let us assume that the state which enters the Michelson interferometer is given by: 

m ■ 

!>■ IVin) - |a,C) =i^i(«)^2(C)|0,0), (1) 
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bi{a) — exp[aa| — a*ai], (2) 
52(C) = expi[Ca2-Caf], (3) 

and the subscripts 1 and 2 refer to to the two input ports of the interferometer. 

Neglecting losses in the interferometer the two output operators of the interferometer could be related to the input 
operators by the unitary transformation: 



o-i\ _ ( cos 7 sin 7 \ ( ii 
0.2 J ~ \ -sin7 C0S7 J \b2 



(4) 



where we assumed the special case in which no phase shift is induced in the interferometer. By straight forward 
algebra we obtain for the output of the coherent-squeezed interferometer: 

IV-out) =cxp(i + B)i3i(/3i)^2(/32)|0,0), (5) 
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where 



a cos 7; /32 = Q;sin7, 



1 



A = -sin^7(C5?-C&l 



B 



sin7COS7(C6l?^2 ~ Chh), 



(6) 
(7) 
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While the operator A represents squeezing effects in the two output ports, the operator B represents correlations 
between the two. These correlations play a fundamental role in the present analysis. 

We use the well known Lie-group method [ll|, IHi [3 [3 for disentangling the term exp(A + B) into it's 
components. We define the operators: 
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bib\ - b\b2. 



obeying the commutation relations (CR): 



[^,^2] =0, 

= [A2,B]=C, 

[B,(7] = -2(ii+i2), 



(9a) 

(9b) 

(9c) 
(9d) 
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Notice that the CR of the above operators are similar to those of angular momentum operators, where Jz is decomposed 
into the operators Ai and A2: 



^ (/ + 2J,)/2, 
A2^{i- 2 J,)/2, 
B — > IJx = J+ + J—, 
C 2iJy = — J^, 



(11a) 
(lib) 
(11c) 
(lid) 



Using the disentanglement method we find after straight forward calculation a certain disentangled form for ji/'out) 
given as: 



IV'out) 



exp < rj- 



B-C2 



exp < 77^ 
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{772^2} exp {yyiii} A(/3i)D2(/32)|0, 0), (12) 



where 
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e'''' sin^ 7 + cos^ 7 

- elCI 
el^l sin^ 7 + cos^ 7 



(e'^' — 1) sin 7 cos 7 

el^l sin^ 7 + cos^ 7 ' 

(e'^l — 1) sin7C0S7[el^l sin^ 7 + cos^ 7] 
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We find that according to eq. the output from the coherent-squeezed Michelson interferometer is given by two 
squeezed coherent modes with coherent displacement Pi and P2 , and squeezing factors ryi and r/2 for the first and second 
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modes respectively. There also exists an addition of two operators operating on the left of these coherent squeezed 
modes producing correlations between them. For simplicity of calculation the two operators are (B + C)/2 — > J_|_ and 
(B — C)/2 ^ J_ with parameters 77+ and ?7_ respectively. 

In the more common application of gravitational detection using a coherent Michelson interferometer the working 
point is chosen where all the coherent state exits one port and the vacuum state exits the other port (the "dark" port). 
For the unitary transformation of eq. (jlj such a condition is reached for the case where j — tt/2. In the gravitational 
wave detection interferometer |a| is a very large number (might be of the order of 10^ — 10^''), while the gravitational 
wave is expected to give a very small phase shift (5 in 7 (might be of the order of 10^^ depending on the parameters 
of the interferometer). Therefor one expects to detect photons in the "dark" port as a result of the gravitational 
phase shift. There are however obstacles [l[ to achieve this goal and we show the advantage of the coherent-squeezed 
interferometer related to the amplification of the gravitational phase shift signal. 

Around the point 7 = 7r/2 + ^, where S is the phase shift due to the gravitational wave, we can use the first order 
approximation: 

sin(| + 5)^1; cos(| + 5)^ -5, (14) 
The coefficients of eq. (fT3)) for any squeezing value |C| when S ^1 are reduced to: 

m ~ ICI; m ^0;v~~ (e-'^' - m ^+ « (i - (15) 

and the operators r]iB and ry^C {i = +, — ) in this approximation commute. The output is thus given by: 

IV'out) = exp|(5(l-cosh|C|)c}cxp{-(5sinh|C|B}5i(C)i3i(-a(5)^2(a)|0,0), (16) 

We find that in the port number 2 of the interferometer the output is the very strong coherent state approximately 
equal to that of the input state, and so we can refer to it as a classical state such that &2 is replaced by a and b\ 
is replaced by a*. Thus we can look at the "dark" port of the Michelson interferometer as a one mode system with 
^ = re*^ and a = pe^'^ 

\i;ont)i = i)(a(5(l -coshr))L>(-a*(5e*^sinhr) X 

5(C)^(-a<5)|0)i, (17) 

We rearrange the expression for iV'out)! by first adding the two left terms using the relation [l^: 

D{a2)D{ai) = b{ai + a2) exp |^(Q!2a* - a2"i)| i (18) 

then rearranging the new terms using the relation [l7|: 

Z)(a)S'(C) S'(C)£'(acoshr + a*e*^sinhr), (19) 

and then adding again the two left terms using eq. . After straight forward calculations we get the final result of: 

|^out)i = GiG2^(C)i^('*)|0)i (20) 

where Gi and G2 are phase terms, which are not important for photon number statistics and are given by: 

Gi = exp {ip(5sinhrsin(6' — 2(/))(l — coshr)} , (21a) 
G2 = eyi^i {i\a\^ 5"^ smhr [sm{e ~ 2(1)) 

- 2coshrsin(6i-2(/))]}, (21b) 

and the coherent parameter is given by: 



K — aS 



coshr - cosh^ r + e*^" ^"^^ sinhr - sinh^ r - 2e*(^"^'^) sinhr coshr - 1 



(22) 
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Thus, the output of the "dark" port under of the coherent-squeezed Michelson interferometer, under the above 
conditions, is given by a coherent state with a coherent parameter k (replacing the coherent parameter —a5 from 
a coherent Michelson interferometer) squeezed from the left by the original squeezing parameter C. For a coherent 
Michelson interferometer C = 1 k, is reduced to k = —a5. 

For the special and more common case of a coherent state Michelson interferometer \4>o\\t)i is given by eq. (|20p with 
r — Q which gives Gi = G2 = 1, S'(C) = 1, k = —aS. The output of the "dark" port is therefor given by a coherent 
state with the coherent parameter —aS. 

The point of interest in this paper is the coherent-squeezed michelson interferometer. This case has several inter- 
esting results as can be seen from Fig. [TJ The coherent part of the output is amplified exponentially depending on 



Real part of the cotierent parameter 
of tfie "dark" port 



Imaginery part of tfie cotierent parameter 
of tfie "dark" port 






FIG. 1: The strength (real and imaginery parts) of the coherent parameter of the dark port of the interferometer. The maximum 
is observed for 9 = 2(j>. 



the amount of squeezing. This result is critically dependent on the value of ^ — 2(/), reaching a maximum aX 9 = 2(j). 
Other values have both a smaller value for the coherent part and also add a complex part to it. 

The coherent state is squeezed by the original squeezing parameter. Under the condition = 2(j) we find subpoisson 
statistics for large values of the coherent state amplitude and the distribution becomes more subpoissonian with 
increased values of squeezing as shown in figure [2l Notice that the maximum of the photon number distribution is 



Photon number probability distribution for |a8f=10 and different ^ 

0.14r 




Photon number |n> 



FIG. 2: The photon number distribution in the "dark" port for \aSf = 10 and different values of of the squeezed state 
and 9 = 2(j) in the input ports. An increasing subpoisson distribution is achieved as ( is increased and the maximum point 
of the photon number distribution is shifted to a higher value of \n), as can be seen from the comparison of the graph for 
= 0.3, 0.6, 0.9 with the equivalent poisson distribution of the dashed graph of a coherent state with \a\'^ = 24, 44, 75. 
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found at a point proportional to Ke{K/aS) and not to its' square. Although |k| increases exponentially (see Fig. [T]) 
the maximum photon probability distribution of a squeezed coherent state decreases relative to that of a coherent 
state with the same coherent parameter (as shown in Fig. 3. 3). Thus the outcome is a slower increasing photon 
number subpoisson distribution. 

The mean of the distribution is easily calculated: 



Thus for a strong coherent state inserted in one input port and a squeezed vacuum state inserted in the other input 
port and under the condition 9 = 2(f> the maximum photon probability is found at |Kpe~^'' . In the same fashion the 
standard deviation of the distribution is calculated llOl: 



For a strong coherent state inserted in one input port and a squeezed vacuum inserted in the other input port and under 
the condition 9 = 2(p the standard deviation of the distribution is |K|e^^'' which forms the subpoisson distribution. 
The subpoisson properties obtained here are similar to those for squeezed coherent states but notice that kappa which 
replaces alpha increases as function of squeezing which leads to amplification of the gravitational waves signal. 

We have shown in this letter a rigourously exact calculation using disentanglement theory for the coherent-squeezed 
Michelson interferometer. Using this calculation we have found the photon number distribution of the "dark" port 
of the interferometer. This distribution is a squeezed coherent state with the same squeezing as the input state and 
an exponential increasing coherent parameter with the squeezing. The maximum of the photon number distribution 
also increases with the squeezing and becomes more subpoisson. 
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